Sbornik védeckych praci Vysokeé skoly baiiské — Technické univerzity Ostrava
Rada hornicko-geologicka
Volume LI (2005), No.2, p. 79-88, ISSN 0474-8476

FrantiSek STANEK, Vlastimil KAJZAR™

VLIV TYPU STATISTICKE DISTRIBUCE LOZISKOVYCH UDAJU NA MODEL
LOZISKA NEROSTNYCH SUROVIN

EFFECT OF NATURE OF STATISTICAL DISTRIBUTION OF DEPOSIT DATA ON DEPOSIT
MODEL OF MINERAL RAW MATERIALS

Abstrakt

Pouze na zakladé spravného popisu statistické distribuce zpracovavanych loziskovych udaji lze
odhadnout statistické charakteristiky a realizovat nasledné zpracovani. Je znamym faktem, ze empirické
distribuce vétsiny veliCin popisujicich geologicka télesa nevyhovuji bézn€ uvazovanému normalnimu rozdéleni,
ale Ze maji distribuci asymetrickou. Pfitom je ale normalni distribuce zakladni podminkou pouziti mnoha dalsich
matematickych postupid. V ¢lanku je popsano programové feSeni tohoto problému pii modelovani uhelné sloje
v Interaktivnim programovém systému pro aplikaci modernich metod hodnoceni uhelnych lozisek a jejich
dil¢ich &asti v komplikovanych podminkach (vyvijeném na IGI HGF VSB-TU Ostrava v ramci feSeni projektu
GA CR ¢&.105/03/1417) v piipadé, Ze je statistickym testem zjiténa jind neZ normélni distribuce. V tomto
procesu se vyuziva tzv. kvantilova transformace vstupnich udaji. V nékolika ukazkach je demonstrovano, jaké
nepiesnosti bez pouziti této transformace vznikaji pfi modelovani atributl uhelné sloje.

Abstract

A correct formulation of statistical distribution of processed deposit data is a necessary condition to
estimate statistical parameters and to realize subsequent data processing. It is a well-known fact that empirical
distributions of most quantities describing geological bodies do not comply with a normal distribution, they are
often asymmetric. However, most common mathematical procedures assume these quantities as normal
distributed ones. We describe a method of transforming the initial data distributed asymmetrically into the
normal distributed ones, applied in the field of coal seam modeling with use of Interactive software system for
application of modern methods of evaluation of coal deposits and their parts under complicated conditions (This
software is developed by IGI HGF VSB-TU Ostrava within the frame of GA CR project No 105/03/1417.). We
use the so-called quantile transformation of input data. On several case studies we show which inexactitudes
arise without application of such transformation when modeling attributes of coal seam.

Key words: statistical data processing, frequency distribution, skewed distributions, lognormal distribution, data
transformation, quantile transformation procedure, geomodeling, mineral deposits, coal deposits.

Uvod

Jednou ze zékladnich uloh statistického rozboru i volby dalSich metod zpracovani je studium charakteru
statistické distribuce. Jen na zakladé spravného popisu distribuce 1ze odhadnout statistické charakteristiky a
realizovat dal§i zpracovani. Je znamym faktem, ze empirické distribuce vétsiny veli¢in popisuyjicich geologicka
télesa nevyhovuji b&zné uvazovanému norméalnimu rozdéleni N(U;u, o%), ale Ze maji distribuci asymetrickou
(pfevazné kladné) — nejcasteji lognormalni. Pritom je ale normalni distribuce zakladni podminkou pouziti mnoha
dalsich matematickych postupti. Bez spravného pristupu k ,,zeSikmenym* datim neni mozné délat naptiklad
geostatistické analyzy a odhady, nebot’ nejlepsi linearni odhad je ten, ktery je ziskany z experimentalnich
hodnot, fidicich se normalnim Gaussovym rozdélenim (Vizi, Tim¢ak 2002).
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Vznika proto otazka, jaka chyba vznikne pfi modelovani loziska nerostnych surovin - napfiklad loziska
uhli, pokud se neprovede transformace vstupnich udaji pro zesikmena data.

Transformace loZiskovych udaji

Pro popis zpravidla asymetricky rozlozenych veli¢in popisujicich geologicka télesa se vyuzivaji rizné
transformace, napf. obecnd logaritmicka v = /n(a+bu), kterd vede k velmi casto pouzivanému obecnému
lognormalnimu rozdéleni LN(U;u o”,a,b), jejiz konstanty lze stanovit minimalizaci $ikmosti a koncentrace
distribuce. Tento proces je schematicky demonstrovan na obr. 1. ZeSikmena distribuce je ukézana na obr. 1 a)
s nejcetnéjsi hodnotou modu 4, medianu m a stiedni hodnotou x . Obr. 1 b) ukazuje rozdé€leni Cetnosti stejnych
hodnot po jejich logaritmické transformaci. Vrchol kiivky Eetnosti nyni pedstavuje median. Jestlize je distribuce
presné lognormalni, potom je median m identicky s logaritmem geometrického priméru y. f oznaduje rozptyl
logaritmovanych hodnot.
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Obr. 1: Prevod doprava zeSikmené distribuce do normalni distribuce transformaci jednotlivych hodnot funkci
In(x) (Wellmer 1998, upraveno)

Figure 1: Transfer of a distribution skewed to the right into a normal distribution by transfer of the single values
into logarithms (Wellmer 1998, adapted)

Je tieba si ale uvédomit, Ze lognormalni distribuce je jednim z mnoha typti moznych distribuci souboru
hodnot. Existuje prakticka cesta pro transformaci libovolné distribuce do distribuce normalni a zpét — pouziti tzv.
kvantilové (nebo také grafické) transformace vstupnich udaji.

V piipadé, ze vstupni soubor dat nevyhovuje normalni distribuci, 1ze provést grafickou transformaci
vstupniho souboru tak, ze vysledny soubor ma normované normalni rozdéleni (se stfedni hodnotou nula a
smérodatnou odchylkou 1). Tento proces ilustruje obr. 2. Tuto transformaci realizuje naptiklad program nscore v
geostatistickém toolboxu GSLIB (Deutsch, Journel 1998). Tato transformace je oboustranna pod podminkou, ze
histogram neobsahuje tzv. ,spikes — interpopulacni, konstantni hodnoty. Tyto je nutno pfed samotnou
transformaci vyhladit (Deutsch 2002).
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V ptipadé modelovani uhelné sloje jsou z nepravidelné rozmisténych prizkumnych bodu interpolovany
hodnoty jednotlivych loziskovych atributi do pravidelné sit€¢ bodd — tzv. gridu. Jelikoz se jedna o linearni
matematické postupy, je nutné, aby vstupni udaje byly rozlozeny normalné. Aby se modelovana sloj co nejvice
blizila realité, je nutné pouzit pro interpolaci normalné rozlozené vstupni hodnoty jednotlivych loziskovych
atributti.

Proto je v programovém feSeni Interaktivniho programového systému pro aplikaci modernich metod
hodnoceni uhelnych lozisek a jejich dil¢ich ¢asti v komplikovanych podminkach (dale IPSHUL) vyvijeného
v ramci feSeni projektu GA CR ¢&. 105/03/1417 v ptipadg, Ze je statistickym testem zjisténa jind nez normélni
distribuce, programové provedena vySe popsana kvantilova grafickd transformace vstupnich udaji do
normovaného normalniho rozdéleni (dale NNR), nasledné se provede interpolace vybranou interpolaéni metodou
a hodnoty gridu pak budou programové zpétné€ transformovany opét pomoci kumulovanych cetnosti (empirické
distribuc¢ni funkce).
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Obr. 2: Postup transformace hodnot do normalni distribuce. Pro transformaci jsou pouzity kumulativni etnosti
(vlevo dole) histogramu (vievo nahore). Priklad transformace hodnoty 0,2: 1. zjisteni kumulativni Cetnosti pro
hodnotu 0,2, 2. odecteni odpovidajici hodnoty distribucni funkce normovaného normalniho rozdélent (vpravo

dole) a odpovidajici hodnoty (-0,949) (Deutsch 2002)

Figure 2: Procedure for transforming values to normal score values. The histograms are shown at the top of the

figure. The cumulative distributions, shown at the bottom, are used for transformation. To transform 0.2 value:

1. read the cumulative frequency corresponding to the 0.2 value, 2. go to the same cumulative frequency on the
normal distribution and read the normal score value (-0.949) (Deutsch 2002)

Tento proces je pro atribut obsah popela 4% vybrané &asti dubiianské sloje jihomoravského lignitového
reviru znazornén na obr. 3 a pro jednu vybranou hodnotu obsahu popela je transformace tam — do NNR
demonstrovana v tabulce 1 a transformace zpét — z NNR v tabulce 2.
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Tabulka 1: Priklad transformace - pro hodnotu 50 % A° do NNR

Table 1: Example of transforming of ash content — for value 50% A® to standardized normal distribution

(SND/NNR)
Ve tride od [%]; Ve tride do [%]; Transformovand
[odp OYi.d ajici [odp O\.]i.d ajici hodnota 50 [%]; Transformovand
empirickd empirickd [odpovidajici empirickd | hodnota (NNR)

kumulativni kumulativni PR
. . kumulativni ¢etnost]
Cetnost] Cetnost]

Transformovana . ) 50; 0,7622222
hodnota 50 % 49.89; 0.75 50.04; 0.7666667 (lineami interpolace) 0,7136670

Tabulka 2: Priklad transformace obsahu popela - pro hodnotu 50 % A%z NNR
Table 2: Example of transforming of ash content — for value 50 % A from SND

Ve tride od Ve tride do
Distribucni [emplrlclzka’ [emplrl(.:ka’ Zpétné transformovand
funkce NNR kumulativni kumulativni hodnota [%]
Cetnost]; cetnost];
[odpovidajici %] [odpovidajici %]
Transformovana
hodnota (NNR) 0,7136670 0.6744807:49.89 | 012791335004 | Z?ﬁ??rﬂooosla :
0,7136670 © crpotace
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Obr. 3: Postup transformace obsahu popela casti dubnanské sloje JLR do normalini distribuce a zpét

-3 -2 -1 0

Figure 3: Procedure for transforming ash content of apart of Dubnany coal seam in South Moravia lignite
coalfield to normal distribution and back

Tato graficka transformace je v podstaté ptifazeni odpovidajicich kvantili dvou typi distribuci. Na
obr. 3 kvantil gy 755657 piivodnich hodnot — obsahu popela (na obr. vlevo) odpovida kvantilu ¢’y 7136570 NNR (na
obr. vpravo). Kvantilova zavislost mezi vzorky obsahu popela vybrané casti sloje (ptivodni hodnoty) a
odpovidajicimi hodnotami NNR je graficky zobrazena na obr. 4.

82




34
2
1,
Z
z 0 T T T
16 45 55 65 75
a9y |
2
-3
Obsah popela [%]

Obr. 4: Graficka zavislost mezi obsahem popela (piivodni hodnoty) a odpovidajicimi hodnotami NNR ze vsech
vstupnich udajii

Figure 4: Graphic dependence between ash content (original values) and corresponding SND values from all
input data

Technicky popis realizace transformace

Aplikace byla vyvijena pomoci programovaciho jazyka Microsoft Visual Basic 6.0 s vyuzitim
programovych objekti programu Golden Surfer 8 a programu Microsoft Excel 2003.

Vstupni data o vrtech ve formatu MS Excel obsahuji tyto zakladni tdaje — lokalizaci vrtu v prostoru
pomoci soufadnic soufadného systému JTSK (pfevedenych do kartézské soufadné soustavy), nazev vrtu a
hodnoty sledovaného loziskového atributu (naptiklad obsahu popela). Vstupni idaje jsou sefazeny vzestupné
podle zpracovavaného atributu a nasledné jsou dopoéteny dalsi hodnoty — kumulativni ¢etnost, relativni ¢etnost a
hodnota inverzni funkce k distribu¢ni funkci NNR vypocitana s pomoci funkce MS Excel NORMINV. V tabulce
3 je ukazka takto pfipravenych vstupnich udajt.

Tabulka 3: Ukazka doplnénych vstupnich dat

Table 3: Specimen of prepared input data

X Y Nazev | A" |Kumul| Relat NNR
-570794 | -1205218 | BP14 | 17.34| 1 |0.016667 | -2.12805
-571964 | -1205273 | BP30 | 19.37| 2 |0.033333 | -1.83391
-572959 | -1204477 | HB26 |23.39| 3 |0.050000 | -1.64485

-580679 | -1204208 | HB75 | 66.97 | 58 |0.966667 | 1.833915
-681762 | -1208451 | HB128 | 68.20 | 59 | 0.983333 | 2.128045
-5682528 | -1207836 | HB127 | 73.11 | 60 | 0.999000 | 3.090232

Na zéklad¢ téchto vstupnich tdaji se vybranou interpolacni metodou stanovi hodnoty sledovaného
loziskového atributu v pravidelné siti bodti — tzv. gridu.

Pro usnadnéni vybéru vhodné interpolacni metody se v IPSHUL vyuzivd modul tzv. bumerangové
metody (Cross Validation), kdy se pro bod se stanovenou hodnotou provede vypocet lokalniho odhadu
z ostatnich hodnot. Vysledkem je vypoctend hodnota v misté, kde zndme skutecnou hodnotu. Mizeme tedy
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stanovit chybu odhadu v tomto misté a nasledné pro vSechny body (Deutsch 2002, Stan¢k 1999). Testovani se
provadi pro kone¢nou mnozinu interpolacnich metod s riznymi parametry.

Po vybéru jedné z moznych interpolacnich metod (viz tabulka 4) jsou v zadané oblasti vytvoieny
pomoci objektu GridData (Surfer) dva gridy:
e Grid A - na zéklad& ptivodnich hodnot (sloupec A — obsah popela — v tabulce 3),
e Grid B - na zakladé hodnot vypoctenych pomoci funkce NORMINYV (sloupec NNR v tabulce 3), pficemz
jsou hodnoty takto vypocteného gridu nasledné pomoci zpétné transformace (viz tabulka 2) pfevedeny
z NNR do plivodni distribuce.

Tabulka 4: Interpolacni metody implementované v programu Surfer [6]

Table 4: Interpolation methods implemented within Surfer software [6]

Hodnota parametru SrfGridAlgorithm

.. (GridData) e S |
! srflnverseDistance ! Inverse Distance to a power !
‘ srfKriging i Kriging ‘
srfMinCurvature Minimum Curvate
| srfShepards | Modified Shepard’s Method |
srfNaturalNeighbor Natural Neighbor
! srfNearestNeighbor ' Nearest Neighbor !
i srfRegression i Polynomial Regression i
srfRadialBasis Radial Basis functions

srfTriangulation Triangulation with Linear Interpolation

-4
Y

3

Qosah popels [%]
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Obr. 5: Metoda inverznich vzddlenosti — a) grid vytvoreny z piivodnich hodnot, b) grid vytvoreny
z transformovanych hodnot, ¢) zobrazeni gridu rozdilti absolutnich hodnot gridit vytvorenych z piivodnich a
transformovanych hodnot

Figure 5: Inverse Distance to a Power gridding method - a) grid formed from original values, b) grid formed
from transformed values, c) grid of differences of absolute values between grids formed from original values and
of transformed values
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Zajimavé je vizualni porovnani gridit A a B vytvofenych stejnou interpola¢ni metodou z pivodnich,
resp. transformovanych hodnot. Hodnoty odpovidajicich vybranych gridi obsahu popela interpolovanych
metodou inverznich vzdalenosti z ptvodnich hodnot a hodnot pfevedenych do NNR ukazuje prostorové
zobrazeni na obr. 5a a 5b. Absolutni hodnoty rozdili téchto gridd jsou nazorné zobrazeny na obr. Sc. Hodnoty
odpovidajicich vybranych gridii obsahu popela interpolovanych metodou kriging z pivodnich hodnot a hodnot
pfevedenych do NNR ukazuje prostorové zobrazeni na obr. 6a a 6b. Absolutni hodnoty rozdilti téchto grida jsou
nazorn¢ zobrazeny na obr. 6c.

2

a) b)

Obr. 6: Metoda krigovani — a) grid vytvoreny z puvodnich hodnot, b) grid vytvoreny z transformovanych hodnot,
¢) zobrazeni gridu rozdilit absolutnich hodnot gridit vytvorenych z pitvodnich a transformovanych hodnot

Figure 6: Kriging method — a) grid formed from original values, b) grid formed from transformed values, c) grid
of differences of absolute values between grids formed from original and transformed values

Zavér

Empirické distribuce vétSiny veli€in popisujicich geologicka télesa nevyhovuji bézné uvazovanému
normalnimu rozdé€leni, ale maji distribuci asymetrickou. V ¢lanku je teoreticky popsano, Ze pouze na zakladé
spravného popisu statistické distribuce zpracovavanych loziskovych udaji lze odhadnout statistické
charakteristiky a realizovat nasledné zpracovani. Jednim z moznych postupti pro transformaci tdaji do normalni
distribuce, ktera je, jak znamo, zakladni podminkou pouziti mnoha statistickych a numerickych postupd, je prave
kvantilova graficka transformace vstupnich udaji do normovaného normalniho rozdé¢leni.

V ¢lanku je prezentovano programové feSeni tohoto procesu pii modelovani uhelné sloje v
Interaktivnim programovém systému pro aplikaci modernich metod hodnoceni uhelnych lozisek a jejich dil¢ich
&asti v komplikovanych podminkach (vyvijeném na IGI HGF VSB-TU Ostrava v ramci feeni projektu GA CR
¢. 105/03/1417). Na piikladu tvorby gridu obsahu popela uhelné sloje jsou demonstrovany rozdily
interpolovanych hodnot s pouzitim kvantilové grafické transformace a bez jejiho pouziti v ptipade, zZe je zjisténa
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jind nez normdlni distribuce vstupnich udaji. V grafickych ukazkach je nazorné demonstrovano, jaké neptesnosti
vznikaji bez pouziti této transformace pfi modelovani uhelné sloje.
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Summary

One of main tasks of statistical data analysis is to study the nature of statistical distribution. We need to
describe a data distribution correctly to be able to estimate statistical parameters and to realise subsequent data
processing. Use of normal distribution N(U;u,6°) is often not relevant. Empirical distributions of quantities
describing geological bodies are typically asymmetric (predominantly positively skewed). Many mathematical
procedures can be applied only on normal distributed data. Without a correct approach to ,,skewed* data it is
impossible to make for instance geostatistical analysis and assessments, because the best linear assessment is the
one obtained from experimental values driven by Gauss distribution (see Vizi, Tim¢ak, 2002).

The question is what error would occur when modeling a raw material deposit (i.e. coal deposit) with
non-transformed input data.

For description of asymmetrically distributed quantities describing geological bodies we can apply
various transformation methods, e.g. general logarithmic method v = In(a+bu) leading to the frequently used
general lognormal distribution LN(U: u, &, a, b). Its constants can be determined by minimization of skewness
and kurtosis. This process is demonstrated schematically in Figure 1. A skewed distribution is indicated in
Figure la with the most frequent mode value %, median value m, and arithmetic mean value x. Figure 1b
indicates a frequency distribution of identical values after their logarithmic transformation. The peak of
frequency curve is now represented by a median. If the distribution is lognormal, the median m is identical with
logarithm of geometric mean y. By ° we indicate the variance of logarithmized values.

The lognormal distribution is only one among all the types of potential data distributions. There exists a
way how to transform an arbitrary distribution into normal distribution and vice versa - application of so-called
quantile (graphic) transformation of input data.

If the input data set does not comply with the normal distribution, it can be transformed by means of the
quantil transformation into a data set with a standardized normal distribution (SND) with a zero mean value and
a standard deviation of value 1. This process is illustrated in Figure 2. Such transformation can be realized e.g.
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with use of program nscore in geostatistical toolbox GSLIB (see Deutsch, Journel, 1998). This transformation is
bilateral if the histogram does not contain so-called ,,spikes*- interpopulation constant values. These values have
to be eliminated before the transformation takes place (see Deutsch, 2002).

In case of modeling of coal seam the values of individual deposit attributes are interpolated from
irregular deployed survey points into a regular grid. Because linear mathematical procedures are used, their input
data should be normally distributed.

That is why the quantile transformation of non-normally distributed input data into the normally
distributed ones take place in program solution of Interactive software system for application of modern methods
of evaluation of coal deposits and their individual parts under complicated conditions (IPSHUL). Subsequently
interpolation with use of a selected interpolation method is performed and the grid values are transformed back,
again by means of cumulated frequencies (empirical distribution functions).

This process is represented in Figure 3 for the attribute of ash content A? of selected part of Dubiiany
coal seam in South Moravia lignite coalfield. Transformation of a single selected ash content value the ,.hither*
into SND is demonstrated in Table 1 and the back transformation is demonstrated in Table 2. This quantile
transformation is in fact an assigning of corresponding quantiles of two distribution types. In Figure 3 the
quantile q (7666667 Of Original values — ash content (in the left figure) corresponds to the quantile q’¢ 7136670 SND
(in the right figure). The quantile dependence between samples of ash content from a chosen coal seam part
(original values) and the corresponding SND values is graphically illustrated in Figure 4.

The application was developed by means of programming language Microsoft Visual Basic 6.0 with use
of program objects of Golden Surfer 8 software and of Microsoft Excel 2003 software. The input data of survey
holes in MS Excel format contain spatial location of drill hole by means of co-ordinates of JTSK coordination
system (transformed into Cartesian co-ordination system), name of survey hole, and values of observed deposit
attribute (e.g. ash content). The input data are arranged in ascending order according to the processed attribute
(e.g. ash content) and subsequently other values are calculated - cumulative frequency, relative frequency, and
inverse function value of SND distribution function using function NORMINYV of MS Excel. In Table 3 sample
input data prepared in this way are shown.

Based on such input data the values of observed deposit attribute are determined by a selected
interpolation method in a regular grid. To make the selection of proper interpolation method in IPSHUL easier a
module of so-called cross validation method is used. For each point with known value a local estimate from the
other known values is calculated. The result is an estimate of the value in the point where the accurate value is
also known. For all points with known values it is possible to compute the error of estimate (Deutsch, 2002;
Stan¢k, 1999). Testing is applied on a finite set of interpolation methods with various parameters.

After selection of one interpolation methods (see Table 4) the following two grids are formed in a
considered area using GridData (Surfer) object:

e Grid A — based on original values (column A%— ash content - in Table 3),

e Grid B — based on values calculated by means of NORMINYV function (column NNR/SND in Table 3). The
values of the grid calculated in this way are subsequently transformed from SND to original distribution by
means of the back transformation (see Table 2).

Let us make a visual assessment of grids A and B formed with use of the same interpolation method
from original and transformed values, respectively. The values of corresponding grids of ash content interpolated
by method of inverse distances from original values and from values transformed into SND are depicted in
Figure 5a and Figure 5b, respectively. Absolute values of differences between these grids are depicted in
Figure 5c. The values of corresponding selected grids of ash content interpolated with use of kriging method
from original values and from values transformed into SND are shown in Figure 6a and Figure 6b, respectively.
The absolute values of differences between these grids are depicted in Figure 6c.

Empirical distributions of most quantities describing geological bodies do not comply with usually
considered normal distribution, but they are asymmetric. We show that only based on correct description of
statistical distribution of processed deposit data it is possible to estimate statistical characteristics and to realize a
subsequent data processing. One of possible procedures for transforming data to normal distribution, which, as it
is well-known, is a principal condition for applying many statistical and numerical procedures, is the quantile
(graphic) transformation of input data to standard normal distribution and back to original distribution.
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In the paper a program solution of this process is presented when modeling a coal seam within
Interactive program system for application of modern methods of evaluation of coal deposits and their parts
under complicated conditions (developed by IGI HGF VSB-TU Ostrava within frame of solving GA CR project
N° 105/03/1417). Differences between values obtained with use of quantile transformation and values obtained
without this transformation are shown on example of forming grid of ash content. It is shown graphically, which
inexactitudes would arise without application of this transformation method when modeling a coal seam.

Recenzenti: Prof. Ing. Gejza Timcéak, Ph.D., FBERG, Kosice,
Doc. RNDr. Jarmila Dolezalova, CSc., VSB-TU Ostrava.
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